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Geometric coherence and quantum state discrimination
Chunhe Xiong1, ∗ and Junde Wu1, †
1School of Mathematical Sciences, Zhejiang University, Hangzhou 310027, PR China
The operational meaning of coherence measure lies at very heart of the coherence theory. In this paper,
we provide an operational interpretation for geometric coherence, by proving that the geometric coherence
of a quantum state is equal to the minimum error probability to discriminate a set of pure states with von
Neumann measurement. On the other hand, we also show that a task to ambiguously discriminate a set of
linearly independent pure states can be also regards as a problem of calculating geometric coherence. That is,
we reveal an equivalence relation between ambiguous quantum state discrimination and geometric coherence.
Based on this equivalence, moreover, we improve the upper bound for geometric coherence and give the explicit
expression of geometric coherence for a class of states. Besides, we establish a complementarity relation of
geometric coherence and path distinguishability, with which the relationship between l1-norm of coherence and
geometric coherence is obtained. Finally, with geometric coherence, we study multiple copies quantum state
discrimination and give an example to show how to discriminate two pure states.
I. INTRODUCTION
Coherence is a fundamental feature of quantum mechanics,
characterizing the wave nature for all objects. It is an essential
correlation in quantum information theory [1, 2], and plays an
important role in quantum biology [3, 4], metrology [5] and
thermodynamics [6, 7]. Quantum coherence also can be re-
garded as a kind of resource and its role in quantum algorithm
has been investigated in [8–11]. The research on coherence in
optics has lasted for a long time [12, 13] and only in recent
years there develops a theory to quantify coherence [14].
As well as entanglement [15], Baumgratz et al. provide a
resource theory framework for coherence and a great deal of
efforts have been done to further develop this theory [16–
23]. In this frame, coherence quantifies the superpositions
of a state in a fixed standard orthogonal basis. Given an or-
thonormal basis {|i〉}di=1 for a d-dimensional Hilbert space
H, density matrices that are diagonal in this basis are called
incoherent states and we label this set of quantum states by I.
Hence, a density matrix σ ∈ I is of the form
σ =
d∑
i=1
λi |i〉 〈i| . (1)
Any trace preserving completely positive (CPTP) map is
called incoherent operation (IO) if one of its Kraus represen-
tation {Ki} is incoherent. That is, eachKi satisfies
KiρK
†
i
TrKiρK
†
i
∈ I, (2)
for any incoherent state ρ.
Similar to the quantification of entanglement [15, 24–26],
the authors in [14] propose the following conditions to be sat-
isfied as a measure of coherence C(ρ):
(C1) Faithful: C(ρ) ≥ 0 with equality if and only if ρ is
incoherent.
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(C2) Monotonicity: C does not increase under the action of
incoherent operation, i.e., C(Φ(ρ)) ≤ C(ρ) for any incoher-
ent operation Φ.
(C3) Strong monotonicity: C does not increase on aver-
age under selective incoherent operations, i.e.,
∑
i piC(σi) ≤
C(ρ) with probabilities pi = TrKiρK
†
i , post-measurement
states σi = p
−1
i KiρK
†
i , and incoherent operatorsKi.
(C4) Convexity: Nonincreasing under mixing of quantum
states, i.e.,
∑
i piC(ρi) ≥ C(
∑
i piρi)) for any states {ρi} and
pi ≥ 0 with
∑
i pi = 1.
Analogous with geometric entanglement [27, 28] which is
an entanglementmeasure, the authors in [17] define geometric
coherence as
Cg(ρ) = 1− F (ρ),
where F (ρ) := maxσ∈I F (ρ, σ) and the fidelity F is defined
as
F (ρ, σ) = (Tr
√√
σρ
√
σ)2.
We call an incoherent state σρ the closest incoherent state
(CIS) of ρ if F (ρ) = F (ρ, σρ).
In [17], the authors show that geometric coherence is a co-
herence measure. In this paper, we provide an operational in-
terpretation for Cg by linking the geometric coherence with
the task of quantum state discrimination (QSD). As a fun-
damental problem in quantum mechanics, QSD has been the
subject of active theoretical investigation for a long time [29–
36]. Besides, QSD also plays an important role in quantum
communication and quantum cryptography [37–40].
In the task of ambiguous QSD, the sender draws at random
some states from ρi’s with probabilities ηi and send them to
the receiver, whose job is to determine which state he has re-
ceived as accurate as possible. To do so, he performs a posi-
tive operator valued measure (POVM) on each ρi and declares
the state is ρj when the measurement reads j. The POVM is
a set of positive operator {Mi} satisfying Mi = I . As the
probability to get the result j is pj|i = Tr(Mjρi) provided the
system is in the state ρi, the maximal success probability to
2identify {ρi, ηi} is
P optS ({ρi, ηi}) = max{Mi}
∑
i
ηiTr(Miρi),
where the maximum are over all POVM {Mi} and moreover,
the minimal error probability is
P optE ({ρi, ηi}) = 1−max{Mi}
∑
i
ηiTr(Miρi).
For two states, the analytic formula of maximal success
probability P optS and the corresponding optimal measurement
has been known, however, no solution is known for general
case except some symmetric cases [41–43].
In this paper, we reveal the equivalence relation between
geometric coherence and ambiguous QSD. Based on the
equivalence, we will get some results of both geometric co-
herence and QSD.
The paper is organised as follows. In section II and section
III we reveal the equivalence between geometric coherence
and ambiguous QSD. We establish a complementarity rela-
tionship of geometric coherence and path distinguishability in
IV. Based on the equivalence, we obtain some results of both
in section V and section VI. Besides, We conclude in Section
VII with a summary and outlook.
II. GEOMETRIC COHERENCE AND QUANTUM STATE
DISCRIMINATION
It is well known that POVM can perform better than von
Neumann measurement in quantum state discrimination[44,
45]. However, the optimal measurement to discriminate a
collection of linearly independent states, both pure [46] and
mixed [47], is still the von Neumann measurement. With this
result, we can establish the relation between geometric coher-
ence and QSD.
The relationship between quantifying quantum correlation
and quantum state discrimination task is first revealed by
Spehner and Orszag [48, 49]. In coherence theory, the quan-
tification of coherence has a closer link to QSD task which is
described in the following theorem.
Theorem 1. Let ρ be a state of the quantum system with d-
dimensional Hilbert space H and let {|i〉}di=1 be a reference
orthonormal basis. The geometric coherence of ρ is equal to
the minimum error probability to discriminate {|ψi〉 , ηi}di=1
with von Neumann measuremnt,
Cg(ρ) = P
optv.N
E ({|ψi〉 , ηi}di=1),
where ηi = 〈i| ρ |i〉 and |ψi〉 = η−1/2i
√
ρ |i〉. Moreover, if the
set of pure states {|ψi〉}i is linearly dependent, the geometric
coherence provides an upper bound for the minimum error
probability to discriminate {|ψi〉 , ηi}di=1,
Cg(ρ) ≥ P optE ({|ψi〉 , ηi}di=1). (3)
If {|ψi〉}i is linearly independent, Cg(ρ) is exactly equal to
the minimum error probability, that is,
Cg(ρ) = P
opt
E ({|ψi〉 , ηi}di=1). (4)
Proof. Firstly, we evaluate the geometric coherence Cg(ρ).
Assuming σ =
∑
i µi |i〉 〈i| is an arbitrary incoherent state,
one has √
F (ρ) = max
σ∈I
||√ρ√σ||1
= max
σ∈I
max
U
|Tr(U√ρ√σ)|
= max
{µi}
max
U
|
∑
i
√
µi 〈i|U√ρ |i〉 |
= max
{µi}
max
|fi〉
∑
i
|√µi 〈fi| √ρ |i〉 |, (5)
where |fi〉 = U |i〉 , i = 1, ..., d and the maximal being over
all incoherent states and all orthogonal basis on H. The last
” = ” in (5) is because one can choose the phase factors of |fi〉
in such a way that 〈i|U√ρ |i〉 ≥ 0, thus the two expressions
are in fact equal.
Thanks to Cauchy-Schwartz inequality, the maximum over
the probability µi is reached for
µi =
| 〈fi| √ρ |i〉 |2∑
i | 〈fi|
√
ρ |i〉 |2 , (6)
and
F (ρ) = max
|fi〉
d∑
i=1
| 〈fi| √ρ |i〉 |2
= max
{Πi}
d∑
i=1
Tr(Πi
√
ρ |i〉 〈i|√ρ), (7)
where Πi = |fi〉 〈fi|. Therefore, {Πi}di=1 is a von Neumann
measurement in H.
We thus obtain
F (ρ) = P optv.NS ({|ψi〉 , ηi}di=1) ≡ max{Πi}
∑
i
Tr(Πi |ψi〉 〈ψi|),
where ηi = 〈i| ρ |i〉, |ψi〉 = η−1/2i
√
ρ |i〉 and P optv.NS repre-
sents the maximum successful probability over all von Neu-
mann measurements inH.
Secondly, we consider the ensemble {|ψi〉 , ηi}di=1.
If ηi 6= 0, for i = 1, ..., d, which means that the ensemble
contains d states. There are two cases, on one hand, {|ψi〉}di=1
linearly independent, then the optimal measurement is von
Neumann measurement [46], that is,
P optS ({|ψi〉 , ηi}di=1) = P optv.NS ({|ψi〉 , ηi}di=1) = F (ρ).
On the other hand, {|ψi〉}di=1 is linearly dependent, which
means that the optimal measurement is a general POVM. As
a result, one has
P optS ({|ψi〉 , ηi}di=1) ≥ P optv.NS ({|ψi〉 , ηi}di=1) = F (ρ).
If ηi = 0 for some i = i1, i2, ..., is, then the ensemble
{|ψi〉 , ηi} reduces to {|ψi′〉 , ηi′}d−si′=1 with {ηi′}d−si′=1 is the
non-increasing array of non-zero ηis. In fact, since ηi =
3〈i| ρ |i〉 = ||√ρ |i〉 ||2, ηi = 0 means that √ρ |i〉 is a 0 vector.
The same as above, there is two cases, linearly independent or
not. In the first case, as
F (ρ) = max
|fi〉
d∑
i=1
| 〈fi| √ρ |i〉 |2
= max
|f
i′
〉
d−s∑
i′=1
| 〈fi′ | √ρ |i′〉 |2
= P optv.NS ({|ψi′〉 , ηi′}d−si′=1),
one still has
F (ρ) = P optS ({|ψi′〉 , ηi′}d−si′=1).
In another case, F (ρ) is also a lower bound for P optS ,
F (ρ) ≤ P optS ({|ψi′〉 , ηi′}d−si′=1).
In conclusion, for any ρ, Cg(ρ) provides an upper bound
for P optE ({|ψi〉 , ηi}), namely
Cg(ρ) ≥ P optE ({|ψi〉 , ηi}). (8)
Especially, if {|ψi〉 , ηi} is linearly independent, Cg(ρ) is
exactly the minimum error probability of QSD,
Cg(ρ) = P
opt
E ({|ψi〉 , ηi}). (9)
Based on (6) and (7), the CIS of ρ is given by
σρ =
1
F (ρ)
∑
i
〈i| √ρΠopti
√
ρ |i〉 |i〉 〈i| ,
where {Πopti }di=1 is the optimal von Neumann measurement.
Corollary. If ρ > 0, the geometric coherence is equal to the
minimum error probability to discriminate {|ψi〉 , ηi}di=1, that
is,
Cg(ρ) = P
opt
E ({|ψi〉 , ηi}di=1). (10)
Proof. If ρ > 0, then the collection of {|ψi〉}di=1 is linearly
independent. In fact, if it is not the case, then there exist a
non-zero vector (x1, x2, ..., xd)
t, such that
∑
i xi
√
ρ |i〉 = 0.
That is,
√
ρ(
∑
i xi |i〉) = 0 for a non-zero vector
∑
i xi |i〉,
which is conflict with the condition ρ > 0. With theorem 1,
we obtain (10).
III. DISCRIMINATE QUANTUM STATES WITH
GEOMETRIC COHERENCE
We link the geometric coherence to the quantum state dis-
crimination in last section. How about the opposite situation?
That is, given a pure QSD ensemble {|ψi〉 , ηi}di=1, is there
exist a quantum state whose geometric coherence provides an
upper bound for the minimum error probability of discrimina-
tion?
Let us consider a pure state discrimination {|ψi〉 , ηi}di=1.
Denoting a matrix ρ with ρij =
√
ηiηj〈ψi|ψj〉, 1 ≤ i, j ≤ d,
that is,
ρ =


η1
√
η1η2〈ψ1|ψ2〉 ... √η1ηd〈ψ1|ψd〉√
η2η1〈ψ2|ψ1〉 η2 ... √η2ηd〈ψ2|ψd〉
. . ... .
. . ... .√
ηdη1〈ψd|ψ1〉 √ηdη2〈ψd|ψ2〉 ... ηd

 .
(11)
Proposition 2. The matrix ρ is a density matrix.
Proof. Denoting a matrix ψ with each entry ψij =
√
ηj(ψj)i
with (ψj)i the i-th entry of |ψj〉, then the matrix
ρ = ψ†ψ ≥ 0
is positive semidefinite. As
∑
i ρii =
∑
i ηi = 1, we conclude
that ρ is a density matrix.
Therefore, we call the state (11) the QSD-state of
{|ψi〉 , ηi}di=1.
Based on Theorem 1, the corresponding QSD ensemble of
ρ is {|φi〉 , pi}di=1, where
|φi〉 = p−1/2i
√
ρ |i〉 , pi = ρii.
Therefore, one has
〈φi |φj〉 = ρij√
pipj
= 〈ψi |ψj〉 , 1 ≤ i, j ≤ d.
About the discrimination task {|ψi〉 , ηi}di=1 and
{|φi〉 , ηi}di=1, we have the following result.
Proposition 3. If 〈ψi |ψj〉 = 〈φi |φj〉( or 〈φi |φj〉), 1 ≤ i 6=
j ≤ d, then P optS ({|ψi〉 , ηi}di=1) = P optS ({|φi〉 , ηi}di=1).
Proof. See in appendix A.
For U ∈ U(d), {U |ψi〉 , ηi}di=1 have the same QSD-state.
Actually, these quantities {〈ψi|ψj〉, ηi, 1 ≤ i, j ≤ d} contain
all the information about the discrimination of {|ψi〉 , ηi}di=1.
In conclusion, we have the following result.
Theorem 4. Let H be a d-dimensional Hilbert space
and {|i〉}di=1 be the computable basis, that is, |i〉 =
(0, ..., 0, 1, 0, ..., 0)t, the i-th entry is 1 for i = 1, ..., d. For
|ψi〉 ∈ H, i = 1, ..., d, the minimal error probability to dis-
criminate the collection of pure states {|ψi〉 , ηi}di=1 is up-
per bounded by the geometric coherence of the corresponding
QSD-state ρ, that is,
P optE ({|ψi〉 , ηi}di=1) ≤ Cg(ρ), (12)
where the incoherent pure states are {|i〉}di=1. In particular,
if the set of pure states is linearly independent, the bound is
reached. That is,
P optE ({|ψi〉 , ηi}di=1) = Cg(ρ). (13)
4Proof. Based on the proof of Theorem 1, we have that
Cg(ρ) = P
optv.N
E ({|φi〉 , pi}di=1),
where |φi〉 = p−1/2i
√
ρ |i〉 and pi = ρii = ηi. Since
〈φi|φj〉 = 1√
ηiηj
ρij = 〈ψi|ψj〉, ∀i, j,
then,
P optE ({|ψi〉 , ηi}di=1) = P optE ({|φi〉 , ηi}di=1).
Therefore, we have
Cg(ρ) ≥ P optE ({|ψi〉 , ηi}di=1),
for linearly dependent {|ψi〉}di=1 and
Cg(ρ) = P
opt
E ({|ψi〉 , ηi}di=1),
for linearly independent {|ψi〉}di=1.
Remark 1. With (13), we can see that more quantumness the
QSD-state contains, more difficult the QSD task is. More-
over, the QSD-state is incoherent, that is, classical, if and only
if there exist a quantum measurement to discriminate these
states perfectly. Theorem 4 indicates that non-orthogonality
of states lies at very heart of quantum mechanics from the
perspective of coherence theory.
IV. DUALITY RELATIONBETWEEN GEOMETRIC
COHERENCE AND PATH DISTINGUISHABILITY
Bera et al. reveal the complementarity of coherence and
path distinguishability in the case of Yang’s n-slit experiment.
Yang’s experiment can be explained by wave-particle duality.
In [50], the authors quantify wave and particle nature with
l1- norm of coherence and unambiguous state discrimination,
respectively. With theorem 1, we now establish a comple-
mentarity relationship of geometric coherence and path dis-
tinguishability as follows.
Similarly, let us first consider the case of d-slit quantum
interference with pure quantons. Denoting |i〉 as the possi-
ble state of the quanton when it takes the ith slit or ith path,
then the state of quanton can be represented with d basis states
{|1〉 , ..., |d〉} as
|Ψ〉 = c1 |1〉+ ...+ cd |d〉 , (14)
where |i〉 represents the ith slit and ci is the amplitude of
taking the ith slit. To know which path the quanton passes,
one needs to perform a quantum measurement. According to
quantummeasurement theory, the quanton will interact with a
detector state and get entangled as
U(|Ψ〉 |0d〉) =
∑
i
ci |i〉 |di〉 (15)
with {|di〉} are normalized and not necessarily orthogonal.
On one hand, to know the coherence of quanton, one con-
siders the reduced density matrix of the quanton after tracing
out the detector states,
ρs =
d∑
i,j=1
cic¯j〈dj |di〉 |i〉 〈j| . (16)
With Theorem 1, one has
Cg(ρs) = 1− P optv.NS ({|ψi〉 , ηi}di=1), (17)
where ηi = |ci|2, |ψi〉 = exp(
√−1θi)η−1/2i
√
ρs |i〉 and θi is
the argument of ci.
On the other hand, if one wants to knowwhich path it takes,
he needs to discriminate the detector states {|di〉 , |ci|2}di=1. In
other words, the path distinguishability is actually equivalent
to the discrimination of detector states.
With Proposition 3 and the fact 〈ψi |ψj〉 = 〈dj |di〉, one has
that
P optS ({|ψi〉 , |ci|2}di=1) = P optS ({|di〉 , |ci|2}di=1).
Defining the optimal successful probability to discriminate
the detector states as path distinguishability,
Dq := P
opt
S ({|di〉 , ρii}di=1), (18)
and the geometric coherence as coherence,
Cg := Cg(ρs). (19)
Since the von Neumann measurement is the optimal if and
only if the detector states is linearly independent [46], then
for linearly independent {|di〉}, we have the following com-
plementarity relation,
Cg +Dq = 1. (20)
Above complementarity relation can be generalized to the
situation that the quanton state is a mixed state, say ρ =∑
i,j ρij |i〉 〈j|. This is the case that the quantum system is ex-
posed to the environment. The combined system of the quan-
ton and the path detector after the measurement interaction
can be written as
ρsd =
∑
i,j
ρij |i〉 〈j| ⊗ |di〉 〈dj | , (21)
and the reduced density matrix of the quanton after tracing out
the detector states,
ρs =
d∑
i,j=1
ρij〈dj |di〉 |i〉 〈j| . (22)
Therefore, on one hand, the wave nature of the quanton can
be characterize by the coherence of ρs, namely Cg(ρs). As
every principle 2×2 submatrix of (22) is positive semidefinite
[51, p.434], we have
√
ρiiρjj − |ρij | ≥ 0, 1 ≤ i, j ≤ d. (23)
5Assuming the corresponding ensemble to ρs is {|ψi〉 , ρii},
then
|〈ψi |ψj〉 | = | 〈i| ρs |j〉 |√
ρiiρjj
=
|ρij |√
ρiiρjj
|〈di |dj〉 | ≤ |〈di |dj〉 |,
for each i, j. In other words, each two states of {|di〉 , ρii}di=1
is more difficult to distinguished than the corresponding of
{|ψi〉 , ρii}di=1, then
P optS ({|ψi〉 , ρii}di=1) ≥ P optS ({|di〉 , ρii}di=1).
On the other hand, we quantify the particle nature with path
distinguishability, that is, the optimal successful probability to
discriminate {|di〉 , ρii}di=1. In conclusion, for linearly inde-
pendent ensemble {|di〉 , ρii}di=1, the following complemen-
tarity relation holds,
Cg +Dq ≤ 1.
Besides, we can derive a relationship between geometric
coherence and l1-norm of coherence. In [50], the authors
choose unambiguous quantum state discrimination as the op-
timal strategy to distinguish detector states and establish the
complementarity relation as
C +DQ ≤ 1, (24)
where C :=
Cl1(ρs)
d−1 with Cl1(ρ) :=
∑
i6=j | 〈i| ρ |j〉 | and
DQ = P
opt,u
S ({|di〉 , ρii}di=1) is the optimal successful prob-
ability to unambiguously discriminate the detector states. If
the quanton is pure, (24) is a equality.
Comparing (20) and (24), we have the following theorem.
Theorem 5. Let ρ be a density matrix in a d-dimensional
Hilbert space and {|ψi〉 , ηi}di=1 be the corresponding dis-
crimination task. If {|ψi〉 , ηi}di=1 is linearly independent,
then
Cl1(ρ)
d− 1 ≥ Cg(ρ). (25)
Proof. For any ρ, it can be represented as
ρ =
∑
i,j
√
ρii
√
ρjj
〈i| √ρ√
ρii
√
ρ |j〉√
ρjj
|i〉 〈j|
=
∑
i,j
cicj〈dj |di〉 |i〉 〈j| ,
with ci =
√
ρii and |di〉 =
√
ρ|i〉√
ρii
, 1 ≤ i ≤ d. Since {|di〉} is
linearly independent, one has
Cg(ρ) + P
opt
S ({|di〉 , ρii}di=1) = 1,
and
Cl1(ρ)
d− 1 + P
opt,u
S ({|di〉 , ρii}di=1) = 1.
On the other hand, as the successful probability with unam-
biguous QSD will never exceed the maximal successful prob-
ability with optimal measurement, that is,
P optS ({|di〉 , ρii}di=1) ≥ P opt,uS ({|di〉 , ρii}di=1),
one has
Cg(ρ) ≤ Cl1(ρ)
d− 1 . (26)
V. EVALUATE GEOMETRIC COHERENCE WITH QSD
Based on the equivalence of geometric coherence and quan-
tum state discrimination, we will give an upper bound for the
former and calculate geometric coherence for a set of states in
this section.
A. a tighter upper bound for geometric coherence
The analytical expression of geometric coherence for any
single-qubit state ρ is given in [17]. However, the computation
of Cg is formidably difficult for even qudit state. With sub-
fidelity introduced as a lower bound for quantum fidelity [52],
the authors give an upper bound for geometric coherence as
follows.
Theorem 6. [53] LetH be a finite dimensional Hilbert space
and ρ ∈ E(H) be a quantum state, then
Cg(ρ) ≤ min{l1, l2}, (27)
where l1 = 1−maxi{ρii} and l2 = 1−
∑
i b
2
ii with bij is the
(i, j)-th entry of
√
ρ.
Based on Theorem 4, we can derive a tighter upper bound
for geometric coherence.
Above all, rearrange {|ψi〉 , ηi}di=1, the corresponding dis-
crimination task of ρ, into {|ϕi〉 , ξi}di=1 with ξ1 ≥ ... ≥
ξd. Let d
′ be the dimension of the space spanned by
{|ψ1〉 , ..., |ψd〉}), we can choose an independent ensemble
{|ϕi〉 , ξi}d′i=1 as follows. First step, we choose |ϕ1〉 such that
ξ1 = max{η1, ..., ηd}. In step n (2 ≤ n ≤ d′), choose |ϕn〉
such that {|ϕ1〉 , ..., |ϕn−1〉 , |ϕn〉} is linearly independent and
ξn = max{η1, ..., ηd}/{ξ1, ..., ξn−1}. In this way, we obtain
a linearly independent ensemble {|ϕi〉 , ξi}d′i=1.
Then, we construct a measurement to discriminate
{|ϕi〉 , ξi}di=1 with the Gram-Schmidt orthogonalization
(GSO) of {|φi〉}d′i=1. First of all, we make the GSO for
{|φi〉}d′i=1 as
|φ1〉 = |ϕ1〉 ,
|φ2〉 = P2 |ϕ2〉√〈ϕ2|P2 |ϕ2〉
......
|φd′〉 = Pd
′ |ϕd′〉√
〈ϕd′ |Pd′ |ϕd′〉
,
6where Pn = In −
∑n−1
i=1 |φi〉 〈φi| is the projection to the
normal direction of spanned by {|ϕ1〉 , ..., |ϕn−1〉} for n =
2, .., d.
Secondly, we extend {|φ1〉 , ..., |φd′〉} to {|φ1〉 , ..., |φd〉}
through adding (d− d′) unit vectors such that∑di |φi〉 〈φi| =
Id. As a result, {|φ1〉 〈φi|}di=1 is a von Neumann measure-
ment and the corresponding successful probability to discrim-
inate {|ψi〉 , ηi}di=1 is equal to
P gsoS ({|ϕi〉 , ξi}di=1) :=
d∑
i=1
ξi|〈ϕi |φi〉 |2
=
d′∑
i=1
ξi(1−
i−1∑
j=1
|〈ϕi |φj〉 |2)
= 1−
d′∑
i=1
i−1∑
j=1
ξi|〈ϕi |φj〉 |2. (28)
Obviously, for d′ ≥ 2, we have
P gsoE ({|ψi〉 , ξi}di=1) = 1− (
d′∑
i=1
ξi(1−
i−1∑
j=1
|〈ψi |φj〉 |2))
< 1− ξ1 = 1−max
i
ρii = l1. (29)
With Theorem 1, one has
Cg(ρ) = P
optv.N
E ({|ψi〉 , ηi}di=1) ≤ P gsoE ({|ψi〉 , ηi}di=1)
Therefore, for d′ ≥ 2, we obtain a tighter bound than l1 as
P gsoE ({|ψi〉 , ηi}di=1) =
d′∑
i=1
i−1∑
j=1
ξi|〈ϕi |φj〉 |2. (30)
In conclusion, we have the following theorem.
Theorem 7. Let H be a finite dimensional Hilbert space and
ρ ∈ E(H) be a quantum state, then
Cg(ρ) ≤ min{l2, l3}, (31)
where l3 denote the upper bound in (30) and l2 = 1 −∑
i b
2
ii with bij is the (i, j)-th entry of
√
ρ. When the Gram-
Schmidt orthogonalization is an optimal measurement, the up-
per bound l3 is tight.
Remark 2. If ρ > 0, the upper bound for geometric coherence
can be improved as
Cg(ρ) ≤ min{l2, l3, l4}, (32)
where l4 =
Cl1(ρ)
d−1 . Moreover, the upper bound l4 is tight
when the corresponding measurement to unambiguously dis-
criminate {|ψi〉 , ηi}di=1 is also a optimal measurement.
B. geometric coherence for generalized X-state
We can give the analytical formula of geometric coherence
for a class of quantum states on any finite dimensional Hilbert
space with the result from QSD.
First of all, we consider the single-qubit state. The simplest
example of ambiguous discrimination is the case of two pure
states |ψ1〉 and |ψ2〉. Then the optimal success probability is
easy to determine as [29]
P optS ({ρi, ηi}2i=1) =
1
2
(1 +
√
1− 4η1η2|〈ψ1|ψ2〉|2). (33)
With (33) and Theorem 1, the geometric coherence for one
qubit state can be evaluated without any thinking. Since any a
coherent single-qubit state is invertible, one has,
Cg(ρ) =
1
2
(1−
√
1− 4ρ11ρ22|(ρ11ρ22)−1/2 〈1| ρ |2〉 |2),
=
1
2
(1−
√
1− 4|ρ12|2). (34)
Secondly, we generalize this result to X-state in higher di-
mensional space. Any quantum state ρ is called X-state if it
can be represented as an X-type matrix in a fixed orthogonal
basis {|i〉}di=1 as
ρ =


ρ11 0 . . 0 ρ1d
0 ρ22 . . ρ2,d−1 0
. . . . . .
. . . . . .
0 ρd−1,2 . . ρd−1,d−1 0
ρd1 0 . . 0 ρdd

 . (35)
In two-qubit case, X-states are a significant class of states
including Bell-diagonal states which play an important role
in the quantification and dynamics of entanglement, quantum
correlations and coherence [24, 54–58]. The geometric co-
herence of (35) is equal to the minimal error probability to
discriminate {|ψi〉 , ρii}di=1, where |ψi〉 = ρ−1/2ii
√
ρ |i〉. In
fact, as
〈ψi|ψj〉 = 1√
ρiiρjj
ρij ,
it is easy to see that, each |ψi〉 is orthogonal to others |ψj〉
except |ψd+1−i〉. If d > 2 is even (odd case is similar) , the
collection of {|ψi〉}di=1 can be divided into d/2 orthogonal
groups, {|ψ1〉 , |ψn〉}, ..., {|ψd/2−1〉 , |ψd/2〉} in which each
two states in a group are non-orthogonal and the states in dif-
ferent groups are orthogonal. In other words, we just need to
discriminate two non-orthogonal states in each group one by
one. Therefore, with (33), the geometric coherence of X-state
ρ is easy to obtain,
Cg(ρ) = 1− 1
2
d/2∑
i
(ρii + ρd+1−i,d+1−i)(1 +
√
1− |ρi,d+1−i|2).
In the end, we consider the generalized X-state, that is these
states can be converted to X-states by permutation transfor-
mations. In other words, generalized X-states are these states
7that have at most only one non-zero entry in each column and
each row in non-diagonal part. The geometric coherence of
generalized X-states can be also evaluated similarly,
Cg(ρ) = 1− 1
4
d∑
i
(ρii + ρi¯,¯i)(1 +
√
1− |ρi,¯i|2), (36)
where ρi,¯i is the only possible non-zero entry in each row ex-
cept the diagonal entry.
Besides, geometric coherence of generalized X-states can
be obtained from the geometric coherence of X-state with the
incoherent unitary-invariant of Cg .
VI. DISCRIMINATE STATES WITH GEOMETRIC
COHERENCE
On the contrast, we consider the problem of quantum state
discrimination with the help of coherence theory. There are
two examples, QSDwith multiple copies and discriminate two
pure states with geometric coherence.
A. QSD with multiple copies
Even though it is impossible to distinguish non-orthogonal
states perfectly, the error of possibility can be decreased if
there are more copies of states.
Let us consider the QSD task of n copies of pure states, that
is {|ψi〉⊗n , ηi}di=1. Based on theorem 4, the i, j-th entry of
corresponding QSD-state is
ρ
(n)
ij =
√
ηiηj〈ψi |ψj〉n , ∀1 ≤ i, j ≤ d.
For big n, it is easy to check that {|ψ1〉⊗n , ..., |ψd〉⊗n} is
linearly independent, then ρ(n) is invertible. Thanks to Theo-
rem 5, one has that
Cg(ρ
(n)) ≤ Cl1(ρ
(n))
d− 1 . (37)
As n → ∞, each ρ(n)ij → 0 for i 6= j and so is Cl1(ρ(n)).
That is to say, if we have enough copies, we can discriminate
{|ψ1〉 , ..., |ψd〉} almost perfectly.
In fact, since {|ψ1〉⊗n , ..., |ψ1〉⊗n} is linearly independent,
the corresponding Gram-Schmidt orthogonalization can be a
suitable measurement.
For simplicity, let us we consider d = 3 case. With (28),
one has
P gsoS ({|ψi〉⊗n , ηi}3i=1) = ξ1 + η2(1 − |〈ψ1 |ψ2〉 |2n)
+ξ3(1− |〈ψ1 |ψ3〉 |2n − |〈ψ3 |ψ2〉
n − 〈ψ3 |ψ1〉n 〈ψ1 |ψ2〉n |2
1− |〈ψ1 |ψ2〉 |2n )
=1− |ρ
(n)
12 |2
ξ1
− |ρ
(n)
13 |2
ξ1
− |ξ1ρ
(n)
32 − ρ(n)31 ρ(n)12 |2
ξ1(ξ1ξ2 − |ρ(n)12 |2)
.
Let n tends to∞, the successful probability to discriminate
n copies of ensembles tends to 1.
B. discriminate quantum states with geometric coherence
In the task of ambiguous quantum state discrimination, the
task is to design the optimal measurement which maximized
the success probability to discriminate these states. In general,
no effective method has been found to construct the optimal
measurement to discriminate more than two states. In [29],
Helstrom give the method to discriminate two pure states. We
first briefly introduce Helstrom’s method for two pure states
and then give a new method with the equivalence between ge-
ometric and QSD. Moreover, we will show these two method
in an example.
For two pure states QSD {|ψi〉 , ηi}2i=1. Assuming the mea-
surement is {|f1〉 , |f2〉}, then the optimal successful probabil-
ity is
P optS ({|ψi〉 , ηi}) =
2∑
i=1
ηi|〈ψi |fi〉 |2 = 1
2
(1 + Tr|Λ|) (38)
with Λ = η1 |ψ1〉 〈ψ1| − η2 |ψ2〉 〈ψ2|). The maximum
achieved when |f1〉 〈f1| is the spectral projector Π1 associ-
ated to the positive eigenvalue of Hermitian matrix Λ. (38) is
called Helstrom formula.
Furthermore, we introduce a new method to discriminate a
set of linearly independent {|ψi〉 , ηi}di=1 with Theorem 4 and
Lemma 8.
(1) Determining the ensemble {|ψ′i〉 , ηi}di=1 for the cor-
responding QSD-state ρ, where |ψ′i〉 = η−1/2i
√
ρ |i〉 , i =
1, 2, ..., d.
(2) Calculating the unitary matrix U which transforms |ψ′i〉
to |ψi〉, namely, |ψi〉 = U |ψ′i〉 for each i.
(3) Finding the optimal measurement {|f ′i〉}di=1, which op-
timally discriminate {|ψ′i〉 , ηi}di=1, by solving the following
equations,
µi =
| 〈f ′i |
√
ρ |i〉 |2
F (ρ)
, i = 1, 2, ..., d,
〈f ′i |f ′j〉 = δij , 1 ≤ i, j ≤ d.
(4) Obtain the optimal measurement for {|ψi〉 , ηi}di=1 as
|fi〉 = U |f ′i〉 , i = 1, 2, ..., d.
Remark 3. To evaluate geometric coherence, we have to cal-
culate the eigenvalues of the state
√
σρ
√
σ and maximize
Tr(
√
σρ
√
σ) over all incoherent states σ. The first part is ac-
tually the problem of finding the root of one element n order
equation. Since there is no root solution for the one element
n(≥ 5) order equation, the µis may not be expressed explic-
itly for n ≥ 5 case. Even though, our method may shed a new
light on the problem of distinguishing three linearly indepen-
dent pure states which is an open problem that has lasted for
many years.
In Helstrom’s method, the first step is determining the op-
timal measurement through finding the projector for positive
eigenvalues and then obtain the optimal successful probabil-
ity. In our result, we can get P optS directly without any knowl-
8edge of the optimal measurement, and the optimal measure-
ment can be obtain through solving the equations about the
closest incoherent states.
Now we compare our method with Helstrom’s result
in the following example. Let us consider the ensemble
{|ψi〉 , 12}2i=1 . Without of generality, one can choose an or-
thogonal basis {|1〉 , |2〉} such that [59],
|ψ1〉 = cos θ |1〉+ sin θ |2〉 ,
|ψ2〉 = cos θ |1〉 − sin θ |2〉 .
One one hand, assuming the measurement is {|f1〉 , |f2〉}.
Based on the Helstrom formula, the optimal successful prob-
ability is
P optS ({|ψi〉 ,
1
2
}) = 1
2
(1 + Tr|Λ|)
with Λ = 12 (|ψ1〉 〈ψ1| − |ψ2〉 〈ψ2|). Since
Λ =
(
0 cos θ sin θ
cos θ sin θ 0
)
,
the the optimal measurement is
|f1〉 = 1√
2
(1, 1)t, |f2〉 = 1√
2
(1,−1)t, (39)
and the optimal success probability is
P optS ({|ψi〉 ,
1
2
}) = 1
2
(1 +
√
1− cos2 2θ)
=
1
2
(1 +
√
1− |〈ψ1 |ψ2〉 |2). (40)
One the other hand, let us determining the optimal success-
ful probability and measurement with the above four steps.
Since the corresponding QSD-state to {|ψi〉 , 12}2i=1 is
ρ =
1
2
(
1 cos 2θ
cos 2θ 1
)
, (41)
the maximal success probability to discriminate {|ψi〉 , 12}2i=1
is easy to obtain as [17],
F (ρ) =
1
2
(1 +
√
1− cos2 2θ) = 1
2
(1 +
√
1− |〈ψ1 |ψ2〉 |2),
which is coincide with (40). Furthermore, the corresponding
closest incoherent state is σρ =
1
2I2.
(1) Due to the spectrum decomposition of ρ, one has
√
ρ = | cos θ| |φ1〉 〈φ1|+ | sin θ| |φ2〉 〈φ2| , (42)
with |φ1(2)〉 = ( 1√2 ,±
1√
2
)t. Therefore, these two sates to be
discriminated are
|ψ′1〉 =
1√
2
(| cos θ|+ | sin θ|, | cos θ| − | sin θ|)t,
|ψ′2〉 =
1√
2
(| cos θ| − | sin θ|, | cos θ|+ | sin θ|)t.
(2) Without of generality, assuming θ ∈ [0, pi2 ], then the
unitary, that maps |ψ′i〉 to |ψi〉 for i = 1, 2, is
U =
(
1√
2
1√
2
1√
2
− 1√
2
)
.
(3) As the components of {|ψ′1〉 , |ψ′2〉} are all real, we can
assume the optimal measurement {|f ′1〉 , |f ′2〉} as
|f ′1〉 = cosϑ |1〉+ sinϑ |2〉 ,
|f ′2〉 = − sinϑ |1〉+ cosϑ |2〉 .
Based on (6), we have that cosϑ = 1.
(4) As a result, the optimal measurement to discriminate
{|ψi〉 , 12} is
|f1〉 = U |f ′1〉 = (
1√
2
,
1√
2
)t,
|f2〉 = U |f ′2〉 = (
1√
2
,− 1√
2
)t.
This result is consistent with (39).
VII. CONCLUSION
In this paper, we reveal the equivalence between geomet-
ric coherence and the task to discriminate a set of pure states.
This equivalence provides an operational interpretation for ge-
ometric coherence. Based on the equivalence, we prove a
tighter upper bound for geometric coherence and obtain an ex-
plicit expression for the geometric coherence of generalized
X-states. Moreover, we reveal the duality relationship be-
tween geometric coherence and path distinguishability, with
which a relationship between geometric coherence and l1-
norm of coherence is obtained. Finally, we obtain the mini-
mum error probability and the optimal measurement for the
discrimination task of two linearly independent pure states
through calculating the geometric coherence of correspond-
ing QSD-state and CIS.
Our results not only relate the coherence theory to quan-
tum state discrimination, but also obtain many results based
on this relationship. Besides, our results may shed new light
on the problem of distinguishing three linearly independent
pure states.
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Appendix A: proof of Proposition 3
To prove that P optS ({|ψi〉 , ηi}di=1) = P optS ({|φi〉 , ηi}di=1),
the following lemma is helpful.
9Lemma 8. Let {|ψi〉}di=1 and {|φi〉}di=1 are two group of unit
vectors in H, and 〈ψi|ψj〉 = 〈φi|φj〉 for all i, j. Then, there
exist a unitary matrix U ∈ U(H), such that |ψi〉 = U |φi〉 for
each i.
Proof. Defining matrix ψ = (|ψ1〉 , ..., |ψd〉), namely ψij is
the i-th entry of |ψj〉. Similarly, we can also define a matrix
φ = (|φ1〉 , ..., |φd〉).
If 〈ψi|ψj〉 = 〈φi|φj〉, one has ψ†ψ = φ†φ and the (i, j)-th
entry of ψ†ψ is 〈ψi|ψj〉. Denoting ψ†ψ = φ†φ = |A|2, polar
decomposition theorem ensures that there exist two unitary
matrices W and V , such that ψ = W |A| and φ = V |A|.
Consequently, one has
ψ = Uφ,U =WV †,
that is,
(|ψ1〉 , ..., |ψd〉) = (U |φ1〉 , ..., U |φd〉).
Therefore, one has
P optS ({|ψi〉 , ηi}di=1) = max{Mi}di=1
∑
i
ηiTr(Mi |ψi〉 〈ψi|)
= max
{Mi}di=1
∑
i
ηi 〈φi|U †MiU |φi〉
= max
{Ni}di=1
∑
i
ηiTr(Ni |φi〉 〈φi|)
= P optS ({|φi〉 , ηi}di=1).
The last ” = ” is the fact that if {Mi}di=1 is a POVM inH, so
is {U †MiU}di=1. Therefore, {U †Mopti Ui}di=1 is an optimal
measurement for QSD task {|φi〉 , ηi}di=1 when {Mopti }di=1 is
optimal to discriminate {|ψi〉 , ηi}di=1.
If 〈ψi|ψj〉 = 〈φj |φi〉, that is, ψ†ψ = φ†φ. For Lemma 8,
there exist a unitary U ′ such that |ψi〉 = U ′|φi〉. Similarly, we
can have the same result.
[1] T. R. Bromley, M. Cianciaruso, R. L. Franco, and G. Adesso,
Journal of Physics A: Mathematical and Theoretical 47, 405302 (2014).
[2] Y. Yao, X. Xiao, L. Ge, and C. P. Sun,
Phys. Rev. A 92, 022112 (2015).
[3] M. B. Plenio and S. F. Huelga, New J. Phys. 10, 113019 (2008).
[4] S. Huelga and M. Plenio,
Contemporary Physics 54, 181 (2013).
[5] V. Giovannetti, S. Lloyd, and L. Maccone,
Nat. Photon. 5, 222 (2011).
[6] M. Lostaglio, K. Korzekwa, D. Jennings, and T. Rudolph,
Phys. Rev. X 5, 021001 (2015).
[7] M. Lostaglio, D. Jennings, and T. Rudolph,
Nat. Comms. 6, 1 (2015).
[8] J. M. Matera, D. Egloff, N. Killoran, and M. B. Plenio,
Quantum Science and Technology 1, 01LT01 (2016).
[9] M. Hillery, Phys. Rev. A 93, 012111 (2016).
[10] N. Anand and K. Pati, Arun, arXiv:1611.04542v1.
[11] H.-L. Shi, S.-Y. Liu, X.-H. Wang, W.-L. Yang, Z.-Y. Yang, and
H. Fan, Phys. Rev. A 95, 032307 (2017).
[12] R. J. Glauber, Phys. Rev. 131, 2766 (1963).
[13] E. C. G. Sudarshan, Phys. Rev. Lett. 10, 277 (1963).
[14] T. Baumgratz, M. Cramer, and M. B. Plenio,
Phys. Rev. Lett. 113, 140401 (2014).
[15] R. Horodecki, P. Horodecki, M. Horodecki, and K. Horodecki,
Rev. Mod. Phys. 81, 865 (2009).
[16] D. Girolami, Phys. Rev. Lett. 113, 170401 (2014).
[17] A. Streltsov, U. Singh, H. S. Dhar, M. N. Bera, and G. Adesso,
Phys. Rev. Lett. 115, 020403 (2015).
[18] X. Yuan, H. Zhou, Z. Cao, and X. Ma,
Phys. Rev. A 92, 022124 (2015).
[19] A. Winter and D. Yang, Phys. Rev. Lett. 116, 120404 (2016).
[20] E. Chitambar and G. Gour,
Phys. Rev. Lett. 117, 030401 (2016).
[21] E. Chitambar and G. Gour, Phys. Rev. A 94, 052336 (2016).
[22] A. Streltsov, G. Adesso, and M. B. Plenio,
Rev. Mod. Phys. 89, 041003 (2017).
[23] K. Bu, U. Singh, S.-M. Fei, A. K. Pati, and J. Wu,
Phys. Rev. Lett. 119, 150405 (2017).
[24] V. Vedral, M. B. Plenio, M. A. Rippin, and P. L. Knight,
Phys. Rev. Lett. 78, 2275 (1997).
[25] V. Vedral and M. B. Plenio, Phys. Rev. A 57, 1619 (1998).
[26] M. B. Plenio, S. Virmani, and P. Papadopoulos,
J. Phys. A 33, L193 (2000).
[27] T.-C. Wei and P. M. Goldbart, Phys. Rev. A 68, 042307 (2003).
[28] A. Streltsov, H. Kampermann, and D. Bruß,
New Journal of Physics 12, 123004 (2010).
[29] C. W. Helstrom, Quantum detection and estimation theory
(New York, NY : Academic Press, 1976).
[30] A. S. Holevo, Probabilistic and Statistical Aspects of Quantum Theory
(Edizioni della Normale, 2011).
[31] A. S. Holevo, Statistical Structure of Quantum Theory
(Springer, Dordrecht, 2001).
[32] C. W. Helstrom, Information and Control 10, 254 (1967).
[33] C. W. Helstrom, Information and Control 13, 156 (1968).
[34] A. Holevo, Journal of Multivariate Analysis 3, 337 (1973).
[35] M. L. H. Yuen, R. Kennedy,
IEEE Transactions on Information Theory 21, 125 (1975).
[36] E. Davies, IEEE Transactions on Information Theory 24, 596 (1978).
[37] S. J. D. Phoenix and P. D. Townsend,
Contemporary Physics 36, 165 (1995),
https://doi.org/10.1080/00107519508222150.
[38] A. Z. Dirk Bouwmeester, Artur Ekert,
The Physics of Quantum Information (Springer, Berlin,
Heidelberg, 2000).
[39] N. Gisin, G. Ribordy, W. Tittel, and H. Zbinden,
Rev. Mod. Phys. 74, 145 (2002).
[40] W. K.W. Susan Loepp, Protecting Information From Classical Error Correction to Quantum Cryptography
(Cambridge University Press, 2006).
[41] J. A. Bergou, U. Herzog, and M. Hillery, “11 discrimina-
tion of quantum states,” inQuantum State Estimation, edited by
M. Paris and J. Rˇeha´cˇek (Springer Berlin Heidelberg, Berlin,
Heidelberg, 2004) pp. 417–465.
[42] G. V. Y.C. Eldar, A. Megretski,
IEEE Transactions on Information Theory 50, 1198 (2004).
10
[43] C.-L. Chou and L. Y. Hsu, Phys. Rev. A 68, 042305 (2003).
[44] A. Peres, Foundations of Physics 20, 1441 (1990).
[45] A. Peres and W. K. Wootters, Phys. Rev. Lett. 66, 1119 (1991).
[46] R. S.Kennedy, MIT Research Laboratory Electronic Quarterly
Progress Report,Technical Report 110, 142 (1973).
[47] Y. C. Eldar, Phys. Rev. A 68, 052303 (2003).
[48] D. Spehner and M. Orszag,
New Journal of Physics 15, 103001 (2013).
[49] D. Spehner and M. Orszag,
Journal of Physics A: Mathematical and Theoretical 47, 035302 (2014).
[50] M. N. Bera, T. Qureshi, M. A. Siddiqui, and A. K. Pati,
Phys. Rev. A 92, 012118 (2015).
[51] R. A. Horn and C. R. Johnson, Matrix Analysis, 2nd ed. (Cam-
bridge University Press, New York, NY, USA, 2012).
[52] J. A. Miszczak, Z. Puchala, P. Horodecki, A. Uhlmann, and
K. Zyczkowski, Quantum Info. Comput. 9, 103 (2009).
[53] H.-J. Zhang, B. Chen, M. Li, S.-M. Fei, and G.-L. Long,
Communications in Theoretical Physics 67, 166 (2017).
[54] S. Luo, Phys. Rev. A 77, 042303 (2008).
[55] B. Dakic´, V. Vedral, and C. Brukner,
Phys. Rev. Lett. 105, 190502 (2010).
[56] M. Ali, A. R. P. Rau, and G. Alber,
Phys. Rev. A 81, 042105 (2010).
[57] A. R. P. Rau, Journal of Physics A: Mathematical and Theoretical 42, 412002 (2009).
[58] T. R. Bromley, M. Cianciaruso, and G. Adesso,
Phys. Rev. Lett. 114, 210401 (2015).
[59] S. M. Barnett and S. Croke, Adv. Opt. Photon. 1, 238 (2009).
